
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



NON-SYMMETRIC KERNELS OF POSITIVE TYPE. 

By Dr. Caroline E. Seely. 

The properties of continuous symmetric functions of positive type 
have been studied by Mercer* with especial reference to the uniform 
convergence of series of their corresponding characteristic functions. In 
the present paper it is proposed to consider some of the analogous prop- 
erties of kernels not assumed to be symmetric. Unless otherwise stated, 
it is assumed that all the kernels K(s, t) considered are real, bounded, and 
nearly everywhere continuous. 

Let us recall some of the well-known theorems for the symmetric case.f 
Definition. A function K(s, t) in an interval (a, b) is said to be of 
positive type if we have 

(A) f f K(s, t)h(s)h(t)dsdt > 

for every function h(s) of integrable square. 

(I) A necessary and sufficient condition that a symmetric function 
K(s, t) be of positive type is that its characteristic constants X,- be all 
positive. 

Corollary 1. If a symmetric kernel is of positive type all its iterated 
kernels are of positive type. 

Corollary 2. All the iterated kernels of even order of any symmetric 
kernel are of positive type. 

(II) The series 

4=0 A, 

where the <pi(s) are the characteristic functions and the X, the character- 
istic constants of any symmetric kernel K(s, t), satisfies the condition of 
mean convergence.} 

(III) The series 

y "P.(s)g>,(Q 
<=o a, 



* Philosophical Transactions, vol. 209 A (1909), p. 415; Goursat, Cours d' Analyse, vol. 3, 
p. 454. 

t Goursat, Cours d'Analyse, vol. 3, p. 449. 

$ Weyl, Mathematische Annalen, vol. 67; Schur, Mathematische Annalen, vol. 66. 
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where the <Pi(s) are the characteristic functions and the X, the character- 
istic constants of a continuous symmetric kernel of positive type, converges 
uniformly to K(s, t).* 

Let the functions <pi(s) and ^,(s) be the characteristic functions of a 
kernel K(s, t) not assumed to be symmetric and let the numbers Xj be the 
corresponding characteristic constants. Then we have 



f <Pi(s)+i(s)ds = (X< + \j). 



We shall assume the <pi(s) and ^<(s) and hence also the X,- to be all real. 
Theorem I. If K(s, t) is of positive type in an interval (a, b) we have: 
(1) All the characteristic constants X,- are positive. 



(2) 



yj «5i(s)^(s)dsj < ^ _^_ ^y j <pi(s) 2 ds • J <pj(syds, 

(£us)us)dsj < ^f+X.y fusyds . £u s yds. 



Let 

h(s) = a<pi(s) + P<pj(s). 

The condition (A) becomes 
f fK(s, *)[<**>*(*) + 0«>y(s) ][«<?,•(<) + p<p 3 (t)]dsdt 

= T [^r + ^r ] [a ^ (s) + ^ {s)]ds 

= r f ^(s) 2 ds + «p(t+t) f<Pi(s)<Pi(s)ds+^ fwisYds > 0, 

A,- J a \ Ai Ay / J a fi-j J a 

and this condition must hold for every choice of a and j3. That is, the 
quadratic form in a and /3 must be semi-definite, and the conditions for 
semi-definiteness are 

^ f <pi(syds > 0, ^- f <pj(s) 2 ds > 0. 

Ai J a AjJ„ 

[ (x~ + %)£ *<(«)*'(*)* J < 4^ £ Vi ( 8 )*d8 ■ {-_£ vAsyds. 



* See Mercer, loc. cit. The assumption of continuity here is essential. In fact, Toeplitz 
has constructed a bounded symmetric kernel of positive type, continuous except at one point, 
and such that the series 

i=i Xj 

is not uniformly convergent. See Mathematische Abhandlungen Hermann Amandus Schwarz 
gewidmet, p. 426. 
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From these follow 

X,- > 0, X y > 0, 

! f' b ~l 2 4XX- C h C h 

\_J a f^fMdsj < ^ _^ ^ y J <Pi(s) 2 dsJ <pi(syds. 

The second condition of (2) is obtained in exactly similar manner by 
letting h(s) = «V»(s) + Wi(s). 

It has just been shown that a necessary condition for a kernel K(s, t) 
to be of positive type is that the characteristic constants be all positive. 
It is not, however, true that this condition is also sufficient, as is the case 
with symmetric kernels. This can be seen from the following example. 

Let 

„. . sin s (sin ( + sin St) sin 2s sin 2t 
A(s, t) = t= 1 — = . 

"V7T 2\7T 

This kernel has evidently, for the interval (— w, ir), the characteristic 
constants Xi = 1, X 2 = 2 corresponding to the characteristic functions 

, N sin s . . sin 2s 

<piW = — r" , <p2{s) = — j=- , 

, . , sin s + sin 3s ... sin 2s 

Ms) ~ p , iMs) = — r~ , 

•V7T Vir 

and no others. Let h(s) = sin s + a sin 3s, where a is a constant. Then 

f' r K(s, t)h(s)h(t)dsdt = tt 3 ' 2 (1 + a), 

which may be made positive or negative by suitable choice of a. 

Theorem n. // a kernel K(s, t), with more than one characteristic 
constant, is such that for every positive number n there exists an iterated 
kernel K m (s, t), m > n, that is of positive type, then if the functions <Pi(s), 
^i(s) are characteristic functions of K(s, t) we have 

<Pi(s)<pj(s)ds = 0, 



f 

f +<(s)*i(s)d8 = (X,- + Xi), 



that is, the <pt(s) and fi(s) each form an orthogonal set. 

For the functions <pi(s) and V'tCs) are also characteristic functions of 
the iterated kernel K m (s,'t), corresponding to the characteristic constants 
Xi m . Then from Theorem I (2) we have 
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r c h ~v 4x m x m r b r b 

and it is clear that for Xy > Xj the first factor of the right member ap- 
proaches zero as m increases indefinitely. Whence the constant of the 
left member is zero, and the functions #>»(s) form an orthogonal set. The 
same argument holds for the ^»(s). 

It may be noted that the hypothesis of Theorem II is satisfied by all 
symmetric kernels, since all their iterated kernels of even order are of 
positive type (see Corollary 2 of the known theorem (I)). 

It might be expected from this theorem that a kernel whose char- 
acteristic constants are all positive and whose characteristic functions 
ipi(s) and ^,(s) form two orthogonal sets must be of positive type. That 
this is not the case is shown by the example given on page 174, for there 
we have 

s*b s*b 

I <pi(s)<p 2 (s)ds = 0, I \{/i(s)4'2(s)ds = 0, Xi = 1, X 2 = 2 

and yet the kernel is not of positive type.* 

Theorem HI. Let K{s, t) be a kernel satisfying the hypothesis of Theorem 
II, and let the functions <pa(s), • • •, ^(s) and ^ t i(s), • • -, ^> ( ( s ) (where 
nii is the number of independent solutions of the homogeneous integral equa- 
tion corresponding to the characteristic constant X,) be a set of its characteristic 
functions so chosen that 

<f>ij(s)<p ik (s)ds = 0, I ^,v(s)^a(s)ds = (j + k). 

Suppose moreover 

f <p !k (syds <N, f xl* ik (s) 2 ds < N, 

where N is some number independent of i and k. Then the series 

x^ ViMhiit) + <Pi2Js)if'i2(t) + • • • + ^0)^(0 
t=i X t - 

satisfies the condition of mean convergence. 

This theorem is an immediate consequence of Theorem II, of the 
definition of mean convergence, and of Schur's theorem, f For 

* I am indebted to Dr. Gronwall for this example, as well as for other welcome suggestions, 
f The series 2 T"5 > where the X< are characteristic constants of some kernel K(s, t) each 

i=l a« 

repeated m, times, is absolutely convergent since m< < the order of X,-. See Schur, loc. cit., p. 508. 
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lim f rrg' gikWMJ) + • • • + ^(s)^(0 

_ £ »a(g)*a(0 + • • • + ^(s)^(0 T dsd< 

= lim f f r ^y^y + -- + ^y^y dsdt 

< lim X, "Vr - * = 0) 

that is, the series is convergent in the mean. The final step is from 
Schur's theorem. 

It will be noted that in the proof of Theorem I we did not make full 
use of the positive character of K(s, t), but only of the fact that condition 
(A) was satisfied for the restricted class of all functions that are of the 
form a^>»(s) + p(f>i(s). It is evident that Theorems II and III are also 
true under this much weaker assumption. 



